Abstract. We show that an L-BLD-mapping between Euclidean ndomains is locally injective when L < √ 2 or when KI < 2.
and
respectively, and denote their essential supremums as K I (f ) and K O (f ), or just K I and K 0 if the mapping in question is clear from the context. A mapping f ∈ W 1,n is called a K-quasiregular mapping if 1 ≤ K O (x) ≤ K almost everywhere with respect to Lebesgue measure. For further details on the theory of quasiregular mappings and the related terminology we refer to the standard references [IM01] , [Ric93] and [Vuo88] . An important subset of quasiregular mappings is that of L-BLD-mappings, originally defined by Martio and Väisälä in [MV88] as continuous, open and discrete mappings f : Ω → R n such that
for all paths β : [0, 1] → Ω. A well-known conjecture due to Martio asks if a quasiregular mapping f : Ω → R n , n ≥ 3, is a local homeomorphism when K I < 2; we refer the reader to [Raj05] for the history and further details. In our Theorem 1 we answer this question in the class of BLD-mappings. Note that for an L-BLD-mapping f we usually have L = K I (f ); in fact for an L-BLD-mapping we have L = sup x max{ Df (x) , ℓ(Df (x)) −1 }, here Df (x) and ℓ(Df (x)) are the largest and smallest eigenvalue of Df , respectively. Furthermore note that for the BLD-mapping R.L. was partially supported by the Academy of Finland (grant 288501 'Geometry of subRiemannian groups') and by the European Research Council (ERC Starting Grant 713998 GeoMeG 'Geometry of Metric Groups').
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we have L = √ 2 but K I = 2. Thus in the spirit of the Martio conjecture it is natural to ask what is the critical L 0 such that all L-BLD-mappings with L < L 0 are locally injective. In Theorem 2 we show the answer to be √ 2 and so the non-injective example above is an extremal one. Conditions for local invertibility of BLD-mappings have also been studied before. For example in [HK00] it is shown that BLD-mappings in W 2,2 are locally homeomorphisms.
We refer the reader to [MV88, Lui17] for the definitions and standard terminology related to BLD-mappings and to [Ric93] for the basic terminology of quasiregular mappings and the topological index i(·; f ). Recall that by B f we denote the branch set of a mapping f , i.e. the closed set of points where the map fails to be locally injective. For a sense preserving mapping such as quasiregular or BLD -mapping we have i(x, f ) ≥ 2 for every x in the branch set.
Theorem 1.
Let Ω ⊂ R n be a domain, n ≥ 2, and f : Ω → R n an L-BLDmapping. Then for any point x ∈ B f we have
Proof. Suppose that f : Ω → R n is an L-BLD-mapping. We fix a point x 0 ∈ B f and note that by [Ric93, Theorem III.4.7, p.72] there exists r 0 > 0 and M ≥ 1 such that for all y ∈ B(x 0 , r 0 )
where µ = (i(x 0 ; f )/K I ) 1/(n−1) . Note that since x 0 is a branch point, i(x 0 ; f ) ≥ 2.
Now by e.g. [MV88, Corollary 2.13] we know that f is L-radial, that is, for every x 0 ∈ Ω there exists r 0 > 0 such that for all y ∈ B(x 0 , r 0 )
By combining (2) with (1) and letting y → x 0 , we see that we must have µ ≤ 1, which implies K I ≥ i(x; f ).
Last claim follows now from the discussion before the theorem.
In the following proof we use the L-radiality property of L-BLD-mappings (see [Lui17] ) and topological degree theory. We denote the singular homology groups and Alexander-Spanier cohomology groups of a space X as H j (X) and H j (X), respectively, and refer to [Hat02] for their definitions and basic properties, and for the definition of suspension maps. For the topological degree theory we refer to [Ric93] .
Theorem 2. Let Ω ⊂ R n be a domain, n ≥ 2, and f : Ω → R n an L-BLDmapping. Suppose L < √ 2. Then f is a local homeomorphism.
Proof. Let f : Ω → R n be an L-BLD-mapping. Assume that L < √ 2 but B f = ∅. Fix a point x 0 ∈ B f . Without loss of generality we may assume that x 0 = 0 and f (x 0 ) = 0.
We take first the blow-up of f , i.e. we define a sequence g j : jΩ → R n by setting
We note that by e.g. [MV88, Theorem 4.7] or [Lui17, Section 4], the mappings g j are L-BLD-mappings and contain a subsequence converging uniformly to an L-BLD-mapping g : R n → R n such that 0 ∈ B g , g(0) = 0 and, since the map f is discrete, g −1 ({g(0)}) = 0. Furthermore since the L-BLDmapping f is L-radial at 0 we see that the blow-up mapping g satisfies
for all x ∈ R n . In particular we note that the composition of g| ∂B(0,r) and the radial projection map
is L-Lipschitz, and so in particular the mapping
is L 2 -Lipschitz. Hence by a classical dilatation result, see e.g. [Gro99, Proposition 2.9, p. 30], we see that the induced homomorphism h * : H n−1 (S n−1 ) = H n−1 (S n−1 ) equals either ± id or the constant map. To conclude the proof it suffices to show that the degree of this induced homomorphism h * equals the degree of the mapping g. Since for all r > 0 the image of the restriction g| ∂B(0,r) avoids the origin, we note that the restrictions are in fact mutually homotopic in R n \ {0} and homotopic to h. In particular since S n−1 is a homotopy retract of R n \ {0}, we see that g| R n \{0} is homotopic to h × id R with the identification R n \ {0} ≃ S n−1 × R.
Finally we note that as a BLD-mapping from R n to R n , the mapping g extends into a branched coverĝ : S n → S n , see e.g. [Lui16] . Furthermore by the above arguments this mappingĝ is homotopic to the suspension of the map h, and soĝ * : H n (S n ) → H n (S n ) equals either ± id or the constant map. But now by the universal coefficient theorem, see e.g. [Hat02, p.190] , g * : H n (S n ) → H n (S n ) also equals either ± id or a constant map. As the degree of a branched cover S n → S n is always non-zero, this implies that g has degree ±1, and is thus injective. This is a contradiction with the assumption that the original mapping f had a non-empty branch set and so the original claim holds.
